Confinement and chiral phase transitions in QCD and superQCD by Jora, Renata
ar
X
iv
:1
80
9.
01
83
4v
1 
 [h
ep
-p
h]
  6
 Se
p 2
01
8
Confinement and chiral phase transitions in QCD and superQCD
Renata Jora a †
a National Institute of Physics and Nuclear Engineering PO Box MG-6, Bucharest-Magurele, Romania
(Dated: September 7, 2018)
We study confinement and chiral symmetry breaking phase transitions for QCD and supersym-
metric QCD. The method is based on some justified assumption regarding the behavior of the Green
function relevant for the potential between two charges or a gap equation. We determine the number
of flavors at which the transitions to confinement and chiral symmetry breaking take place. We find
that whereas for chiral symmetry breaking the results are in perfect agreement with those in the
literature for confinement the situation is more complex.
PACS numbers: 11.10.Hi, 11.15.Tk, 11.30.Pb, 11.30.Rd
I. INTRODUCTION
Phase diagram of a nonabelian gauge theory at zero or finite temperature is of great interest and consequences
both for studying real life QCD phenomena and for possible standard model extensions (with dynamical electroweak
symmetry breaking or technicolor). Over the years a number of results regarding the behavior in terms of the number
of flavors [1]-[6] or dynamical studies at zero or finite temperature [7]-[8] improved our understanding of QCD like
theories in the critical regime.
Supersymmetric gauge theories are a fruitful laboratory of studying phase transitions not only from theoretical
point of view but also of the possible applications. Important exact results stemming from the holomorphicity and
the enhanced symmetry of the theory were obtained. The phase diagram in terms of the number of flavors of N = 1
supersymmetric gauge theories has been elucidated by Seiberg in a series of groundbreaking works [9], [10] (and the
references therein) based on the power of dualities.
In this work we will revisit confinement and chiral phase transitions from a fresh point of view. Since both QCD and
supersymmetric QCD are basically gauge theories it is natural to consider an approach that treats both of them on the
same footing. Using the behavior of the relevant Green function and associated Feynman diagrams that characterize
confinement and chiral symmetry breaking we will establish a common set of constraints to be verified by both QCD
and its supersymmetric counterpart. This will allow us to determine the behavior of the theory in terms of the number
of flavors. Sections II and III contain the treatment of QCD confinement and chiral symmetry breaking respectively.
Sections IV and V include a similar approach applied to supersymmetric QCD. The conclusions are drawn is section
VI.
II. CONFINEMENT IN QCD
Beta function for QCD is known up to the fifth order [11], [12]. For Nf fermions in the fundamental representation
it has the expression:
β(g) =
dg
d lnµ
= −
g3
16pi2
[β0 + β1
g2
16pi2
], (1)
where only the first two renormalization scheme independent coefficients were retained:
β0 =
11
3
N −
2
3
Nf
β1 =
34
3
N2 −
N2 − 1
N
Nf −
10
3
NNf . (2)
The fermion mass anomalous dimension is relevant and renormalization scheme independent only at one loop:
γm =
dm
d lnµ
= −3
N2 − 1
N
g2
16pi2
. (3)
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2The gauge theory is confining when the potential between charges is of the form V ≈ σr [9] where σ is a constant
and r is the distance between the charges. In the case of QCD the potential between two charges is given by the
gluon propagator. Then by simple Fourier analysis of the propagator (and also as proposed in the literature [13], [14]
the gluon propagator should be of the type,
Gµν(p) ≈ gµν
1
p4
, (4)
where we used Feynman gauge.
In the perturbation theory in order for the form in Eq. (4) to be achieved the propagator must have the exact
expression:
Gµν(p) = gµν
1
p2
M2
p2
g2, (5)
where M is the renormalization scale and each factor of M should bring a factor of g the coupling constant. In
principle however confinement is present in some degrees for any potential of the type V ≈ σrs, where s ≥ 1 which
translates into a propagator:
Gµν(p) ≈ gµν
1
p2
(
M
p
)kgk, (6)
where k ≥ 2.
Knowing the form of the propagator we can apply the Callan Symanzik equations:
[M
∂
∂M
+ 2
β(g)
g
+ β(g)
∂
∂g
]Gµν(p) = 0. (7)
Here we considered a background gauge field type of renormalization where the gluon wave function renormalization
is given by β(g)
g
. For the expression of the gluon propagator introduced in Eq. (6) one further obtains from Eq. (7):
k + (2 + k)
β(g)
g
= 0. (8)
One can regard the confining theory with the gluon propagator as giving the confining potential; however there is
an alternative picture in which the gluon field is integrated out and the theory becomes of the Nambu Jona Lasinio
type with four fermion interaction as in:
1
M2
Ψ¯γµtaΨΨ¯γµt
aΨ, (9)
where the flavor dependence is omitted as irrelevant. Then a diagram of the type in Fig. 1 leads to the formation of
the bound states and in order for this to be confining again the overall contribution must behave as 1
p4
which means
that the fermion propagator must be:
G1(p) ≈
1
γµpµ
M
γρpρ
g. (10)
For the simplicity of the notation we will denote G1(p) ≈
1
p
M
p
g thus retaining only the features that are relevant for
our purposes.
Fig. 1. Diagram of four particle interaction of the Nambu Jona Lasinio type. For QCD the external states and those
in the loop are fermions; for supersymmetric QCD all states are scalars and in loop they are appear with derivatives
3Again the expression in Eq. (10) can be generalized to:
G1(p) =
1
p
(
M
p
)k1gk1 , (11)
where k1 ≥ 1. We apply the Callan Symanzik equations,
[M
∂
∂M
+ 2γ1 + β(g)
∂
∂g
]G1(p) = 0, (12)
where γ1 is the anomalous dimension of the fermion wave function and 2γ1 = γm. This leads to:
k1 + γm + k1
β(g)
g
= 0, (13)
We first solve the system of equations (8) and (13) for k = 2 and k1 = 1. This leads to the coupling constant and
the number of flavors for which the transition to the confinement phase occurs:
g2c
16pi2
=
N
6(N2 − 1)
Nfc =
46N4 + 42N2 − 54
25N3 − 15N
. (14)
In the large N limit we get:
Nfc ≈
46
25
N (15)
For QCD with N = 3 Nfc ≈ 5.52. This could explain why in the standard model the lightest five flavors confine
forming bound states less or more stable whereas the top quarks occurs always as an elementary state.
Next we consider the case k > 2 and k1 > 1 which yields:
g2c
16pi2
=
2k1
3(2 + k)(N2 − 1)
Nfc =
(−54k − 27k2 + 132k1 + 66kk1 + 136k
2
1)N
4k1(6 + 3k + 13k1)
+O(
1
N
). (16)
It can be determined numerically that:
Nfc ≤ 2.8N. (17)
III. QCD CHIRAL PHASE TRANSITION
We claim that the breaking of a global symmetry like the chiral symmetry should be associated clearly with a phase
transition and thus to a zero of the beta function. The next criterion comes from a gap equation given by the a
diagram of the type in Fig. 2 to which we associate the Green function G2. This implies the existence of a fermion
interaction term of the type 1
M2
Ψ¯ΨΨ¯Ψ where M is the renormalization scale.
Fig. 2. Diagram depicting the gap equation. For QCD all states are fermions. For supersymmetric QCD all states
are scalars.
4Then in order for the fermion loop to contribute it must again be of the type,
G1(p) ≈
1
p
(
M
p
)k2gk2 , (18)
with k2 ≥ 1. Then the result of the diagram in Fig. 2 (applied to this case) which correspond to G2 is:
G2 ≈
∫
d4p
(2pi)4
1
p
(
M
p
)k2gk2
1
M2
≈ constMgk2 . (19)
We apply to G2 the Callan Symanzik equations to get:
[M
∂
∂M
+ 4γ1 + β(g)
∂
∂g
]G2 = 0. (20)
Then the two constraints of interest become:
β(g) = 0
2γm + 1 = 0. (21)
The second equation in (21) is a direct result of Eq. (20).
We solve Eq. (21) which leads to:
g2s
16pi2
=
N
6(N2 − 1)
Nfs =
2N(−33 + 50N2)
5(−3 + 5N2)
. (22)
In the large N limit one gets Nfs ≈ 4N . The results in Eq. (22) agree exactly with the studies in [1], [2] and are in
good agreement with the lattice results [15].
IV. SUPERQCD CONFINEMENT AND CHIRAL SYMMETRY BREAKING
We consider the supersymmetric QCD holomorphic Lagrangian:
Lh =
1
16
∫
d2θW a(Vh)W
a(Vh) + h.c.+
∫
D4θ
∑
I
Φ†i exp[2V
i
h ]Φi. (23)
Here i represents the chiral multiplet i and V ih = V
a
h T
a
i where T
a are the generators of the group in the fundamental
representation of the chiral multiplet.
One can make a transformation to the canonical couplings by the change of variable Vh = gcVc [16]. Then the beta
function in the canonical coupling is the NSVZ beta function [17]:
β(gc) = −
g3c
16pi2
3N −Nf +Nfγ(gc)
1−N
g2
c
8pi2
, (24)
where γ(gc) is the anomalous dimension of the chiral multiplet mass operator which at one loop has the expression:
γ(gc) = −
g2c
8pi2
N2 − 1
N
. (25)
The nonperturbative behavior of the supersymmetric QCD and the corresponding phase structure has been analyzed
and clarified by Seiberg in [9], [10]. Here we shall discuss confinement and chiral symmetry breaking from a different
point of view, that introduced in section II for QCD.
In supersymmetric QCD there are gluons and gluinos in the gauge supermultiplet and fermions and scalars in the
chiral supermultiplet. In order for bound states of mesons and baryons to form not only the gluon propagator must
be confining but also the gluino propagator(in order to form baryons).
5According to the arguments given in section II this amounts to asking for the gluino propagator to be of the type:
Ggl(p) ≈
1
p
(
M
p
)k1 , (26)
with k1 ≥ 3. Here k1 = 3 is the correct condition of confinement. However corrections of order (
M
p
)3 can come only
from the chiral multiplet itself so are associated with a coupling constant g2c . Thus the complete formula for the gluino
propagator should be:
Ggl(p) ≈
1
p
(
M
p
)k1gk2c , (27)
with k1 ≥ 3 and k2 ≤ k1 − 1.
We apply the Callan Symanzik equation to Ggl(p),
[M
∂
∂M
+ 2
β(gc)
gc
+ β(gc)
∂
∂gc
]Ggl(p) = 0, (28)
to get:
k1 + (2 + k2)
β(gc)
gc
= 0. (29)
The supersymmetric Lagrangian can be also regarded as a function only of the chiral multiplet, a generalized version
including also scalars of the Nambu Jona Lasinio model. Then by considering a virtual mass for the gluon field and
integrating it out leads to four scalar interaction terms of the type:
1
M2
(Φ∂µΦ∗)(Φ∗∂µΦ). (30)
Again in order to get for the diagram in Fig. 1 (adjusted for this case) a confining type of potential one would need
in lowest order a scalar two point function of the type:
Gs(p) ≈
1
p2
M2
p2
g2c , (31)
or in the general case,
Gs(p) ≈
1
p2
(
M
p
)k3gk3c , (32)
with k3 ≥ 2. We apply the Callan Symanzik equations to Gs(p) to get,
[M
∂
∂M
+ 2γ1 + β(gc)
∂
∂gc
]Gs(p) = 0, (33)
which further yields:
k3 + k3
β(gc)
gc
+ 2γ1 = 0. (34)
We first solve the system formed out of Eqs. (29) and (34) for k1 = 3, k2 = 2, k3 = 2 to find:
gcc
8pi2
=
N
2(N2 − 1)
Nfc ≈ N +O(
1
N
). (35)
For the general k’s the system of equations becomes:
k1 + (2 + k2)
β(gc)
gc
= 0
k3 + k3
β(gc)
gc
+ γm = 0. (36)
6The system can besolved and leads in the large N limit to:
g2cc
16pi2
=
(2 − k1 + k2)k3
2(2 + k2)N
Nfc =
−2k21k3 + 3(2 + k2)
2k3 − k1(2 + k2)(2 + k3)
(−2 + k1 − k2)k3(−2− 2k3 + k1k3 −−k2 − k2k3)
. (37)
It can be shown that Nfc ≤
3
2N . The theory for general k’s is asymptotically free but the exact behavior for the
full range of Nfc cannot be specified except that there are elements of confining. For Nf ≈ N the theory is clearly
confining fact which agrees with the Seiberg results [9], [10] regarding this case. However one cannot see in this
approach the other confining case Nf = N + 1 found by Seiberg.
V. SUPERSYMMETRIC QCD CHIRAL SYMMETRY BREAKING
For chiral symmetry breaking phase transition we again will ask that β(gc) = 0. The gap equation refers to the
figure Fig. 2 for the scalars and puts no constraints on the scalar propagator. This can be of the form:
Gs(p) =
1
p2
(
M
p
)k4gk4c . (38)
where k4 ≥ 0. Then the diagram in Fig. 2 behaves like (Note that here we do not need terms obtained form integrating
out the gauge fields and the standard four scalar interaction in the supersymmmetric Lagrangian suffices):
G4 ≈
∫
d4p
(2pi)4
p2
1
p2
(
M
p
)k4gk4c ≈M
4. (39)
We apply the Callan Symanzik equation to G4 to get:
4γ1 + 4 = 0. (40)
Finally we have two constraints,
β(gc) = 0
2γm + 4 = 0, (41)
which lead to the clear result:
g2cs
16pi2
=
N
N2 − 1
Nfs = N. (42)
This result is in complete agreement with previous work on this topic [9], [10].
VI. CONCLUSIONS
In this work we studied confinement and chiral symmetry breaking phase transitions for QCD and supersymmetric
QCD in terms of the number of flavors Nf . For chiral symmetry breaking the constraints we proposed match those
in the literature for QCD and are in agreement with those for supersymmetric QCD. For QCD the critical number
of flavors at which chiral symmetry breaking occurs is Nfs ≈ 4N , for superQCD is Nfs = N . The type of phase
transition remains undetermined and requires further investigation.
For confinement the situation is more complex and intricate because it is always possible that the system displays an
admixture of phases instead of pure confinement. Our result for the critical number of flavors for QCD is Nfc ≈ 1.8N
and does not agree with those findings in the literature which claim that chiral symmetry breaking and confinement
occurs at almost the same point in the flavor space. However for real life QCD our result has an unexpected bonus:
according to it only five flavors may confine and thus confining is possible only after the top quark is integrated out.
For supersymmetric QCD the critical number of flavors at which confinement takes place is Nfc ≈ N . The case
Nfc = N+1 established by Seiberg [9], [10] is possible but does not appear as distinct. This outcome is not unexpected
as our approach differs essentially from that in [9].
7The results obtained in this work are partially in good agreement with those obtained in the literature and different
in some instances. The method proposed here may allow the study of all possible phases in the phase diagram of a
gauge theory and lead to further insights into its structure and dynamics.
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